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a b s t r a c t
Let S(m|n, r)Z be aZ-form of a Schur superalgebra S(m|n, r) generated by elements ξi,j. We
solve a problem of Muir and describe a Z-form of a simple S(m|n, r)-module Dλ,Q over the
field Q of rational numbers, under the action of S(m|n, r)Z. This Z-form is the Z-span of
modified bideterminants [Tℓ : Ti] defined in this work. We also prove that each [Tℓ : Ti] is
a Z-linear combination of modified bideterminants corresponding to (m|n)-semistandard
tableaux Ti.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
In the classical case of Schur algebras S(n, r), bideterminants were used to describe a structure of Weyl and dual Weyl
modules [8]. In modern terminology, certain bideterminants (and codeterminants, respectively), corresponding to standard
tableaux, form a basis of standard modules (and costandard modules, respectively) for S(n, r). A category of modules over
S(n, r) is a highest weight category in the sense of [6] regardless of the characteristic of a ground field K .
Schur superalgebras S(m|n, r)were introduced in [12]. In the case of characteristic zero or positive characteristic bigger
than r , the category of supermodules over S(m|n, r) is again a highestweight category andMuir used certain bideterminants
and results concerning (m, n)-hook partitions from [1] to describe a basis of standard S(m|n, r)-supermodulesDλ. In the case
of positive characteristic, the category of S(m|n, r)-supermodules is not a highest weight category; see [10].
The purpose of this note is to solve a problem of Muir by finding a Z-form of the module Dλ,Q under the action of the
Z-form S(m|n, r)Z generated by elements ξi,j of the Schur superalgebra S(m|n, r).
Theorem 1. If λ is a (m|n)-hook partition of r, then the Z-span of modified bideterminants [Tℓ : Ti] is a Z-form of the simple
S(m|n, r)-module Dλ,Q under the action of S(m|n, r)Z.
Actually, we use the language of distributions and superderivations to establish this result. Additionally, the following
property of modified bideterminants will be proved.
Theorem 2. Every modified bideterminant [Tℓ : Tj] is a Z-linear combination of modified bideterminants [Tℓ : Ti] for Ti
semistandard.
1. Schur superalgebras
We start by recalling basic notation and results about general linear supergroups and Schur superalgebras over a ground
field K of characteristic different from 2.
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The general linear supergroup G = GL(m|n) is a representable functor from the category of commutative superalgebras
to the category of groups (cf. [3,2,16]). For a commutative superalgebra A = A0⊕A1, the group G(A) consists of all invertible
(m+ n)× (m+ n)matrices of the form
A B
C D

,
whereA is anm×mmatrix with entries in A0,D is an n× nmatrix with entries in A0,B is anm× nmatrix with entries in
A1, and C is an n×mmatrix with entries in A1. The coordinate algebra K [G] has a natural structure of a Hopf superalgebra.
Explicitly,K [G] is isomorphic to a localization of a free commutative superalgebraK [tij|1 ≤ i, j ≤ m+n], where |tij| = |i|+|j|
(mod 2), at the determinant det((tij)1≤i,j≤m) det((tij)m+1≤i,j≤m+n). The comultiplication∆ and counit ϵ ofK [G] are the unique
superalgebra maps satisfying
∆(tij) =
−
1≤k≤m+n
tik ⊗ tkj, and ϵ(tij) = δij
for 1 ≤ i, j ≤ m+ n. In what follows we use generators cij = (−1)|i|(|i|+|j|)tij instead of tij. We have
∆(ci,j) =
m+n−
k=1
(−1)(|i|+|k|)(|k|+|j|)ci,k ⊗ ck,j
for 1 ≤ i, j ≤ m+ n.
Denote ker ϵ byM and define
Dist(G) =

r≥0
Distr(G),
where
Distr(G) = {x ∈ K [G]∗|x(Mr+1) = 0} ≃ (K [G]/Mr+1)∗
for r ≥ 0.
A multiplication on K [G]∗, dual to the comultiplication on K [G], is defined by
(xy)(f ) =
−
(−1)|y||f1|x(f1)y(f2),
where x, y ∈ K [G]∗, f ∈ K [G] and ∆(f ) = ∑ f1 ⊗ f2. One can verify that Distr(G)Dists(G) ⊆ Distr+s(G) for all r, s ≥ 0.
In particular, Dist(G) is a filtered subsuperalgebra of K [G]∗. The subsuperspace Dist1(G) has a natural structure of a Lie
superalgebra given by [x, y] = xy − (−1)|x||y|yx. We denote it by g = Lie(G). The Lie superalgebra g has a unique basis eij
such that eij(ckl) = δikδjl for 1 ≤ i, j, k, l ≤ m+ n.
Recall that, by definition, a left G-supermodule V is a right K [G]-supercomodule. The corresponding supercomodulemap
V → V ⊗ K [G] is denoted by τV . One can view V as a Dist(G)-supermodule via
x.v =
−
(−1)|x||v1|v1x(f2),
where x ∈ Dist(G), v ∈ V and τV (v) = ∑ v1 ⊗ f2. Let E be a standard G-supermodule with the basis ei for 1 ≤ i ≤ m + n
and the coaction τE(ei) =∑1≤k≤m+n ek⊗ tki. Then eij.ek = δlkei and g is isomorphic to the classical Lie superalgebra gl(m|n)
(or pl(m|n) in the notation of [12]).
Recall that a Kostant Z-form UZ (g) is a subsuperalgebra of the universal enveloping superalgebra U(g) of g generated by
the elements eij for |eij| = 1, e(r)ij =
erij
r! for |eij| = 0 and

eii
r

= eii(eii−1)···(eii−r+1)r! ,where 1 ≤ i, j ≤ m+ n and r ≥ 1. The
Hopf superalgebra K ⊗Z UZ (g) is canonically isomorphic to Dist(G) (see [3], Theorem 3.2).
Denote by A(m|n) the superbialgebra generated by the elements ci,j. For an integer r ≥ 1, denote by I(m|n, r) the set of
maps from the set {1, . . . , r} to {1, . . . ,m+n}. As is usual, we denote elements of I(m|n, r) by lower case letters like i, j and
hope that this will not create confusion with the earlier notation. For i ∈ I(m|n, r) denote its parity by |i| = |i1| + · · · + |ir |
and its content by cont(i); that is cont(i) = (α1, . . . , αm+n), where each αj is the cardinality of the set {1 ≤ t ≤ r : it = j}.
An rth homogeneous component A(m|n, r) of A(m|n) is generated (as a subsuperspace) by the elements ci,j = ci1,j1 . . . cir ,jr ,
where i, j ∈ I(m|n, r).
The supergroup G acts on E⊗r diagonally. The superspace E⊗r has a basis consisting of elements ei = ei1 ⊗ · · · ⊗ eir for
i ∈ I(m|n, r). We have
τE⊗r (ei) =
−
j∈I(m|n,r)
ej ⊗ χj,i,
where
χi,j = (−1)
r−1∑
t=1
|it |(|it+1|+|jt+1|+···+|ir |+|jr |)
ci,j.
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Thus A(m|n, r) is a coefficient superspace of the K [G]-supercomodule E⊗r , and therefore a subsupercoalgebra of K [G]. The
dual of A(m|n, r) is a Schur superalgebra S(m|n, r). The embedding A(m|n, r) ⊆ K [G] induces a superalgebra morphism
Dist(G)→ S(m|n, r). By [13], Proposition 4.1, it is an epimorphism. Observe that the definition in [13] of a multiplication in
Dist(G), and in S(m|n, r) as well, does not follow the above sign rule; the same is valid for an induced action of Dist(G) on a
G-supermodule or S(m|n, r)-action on an A(m|n, r)-supercomodule. However, this difference can be overcome in the same
way as in [10], p. 100, whenever K contains a square root of−1.
For i, j ∈ I(m|n, r) and 1 ≤ k, l ≤ m + n, denote by cont(i, j)k,l the number of pairs (it , jt) identical to (k, l) and
by I(m|n, r) the set of pairs (i, j) ∈ I(m|n, r) satisfying the property cont(i, j)(k,l) ≤ 1 for 1 ≤ k ≤ m < l ≤ m + n
or 1 ≤ l ≤ m < k ≤ m + n. Then A(m|n, r) has a homogeneous basis consisting of χi,j, where (i, j) ∈ I(m|n, r). Denote∏
1≤k,l≤m+n
c
cont(i,j)k,l
k,l byχ i,j. The elements ξi,j dual toχ i,j forma basis of S(m|n, r).Wewill considerA(m|n, r) as a left S(m|n, r)-
module via
ξij.χk,l =
−
a∈I(m|n,r)
ξij(χa,l)χk,a. (1)
For details see [12]. Thus A(m|n, r) is also a Dist(G)-supermodule, and images of the above generators of Dist(G) (up to
scalars from K ) are right superderivations (for details see [13], p. 156). Moreover, E⊗r is a left S(m|n, r)-supermodule (and
also a Dist(G)-supermodule) via
ξ .ej =
−
i∈I(m|n,r)
ξ(χi,j)ei
for ξ ∈ S(m|n, r) and j ∈ I(m|n, r).
Denote by SX the symmetric group on a set X and define Sr = S{1,...,r}. The group Sr acts on I(m|n, r) by permuting entries,
that is (i.σ )t = iσ(t) for i ∈ I(m|n, r), σ ∈ Sr and t = 1, . . . r . As was proved in [7], the induced superalgebra morphism
S(m|n, r)→ EndSr (E⊗r) is an isomorphism.
The space E⊗r is a left S(m|n, r)-module via
ξ .ej =
−
i∈I(m|n,r)
ξ(χi,j)ei
for ξ ∈ S(m|n, r) and j ∈ I(m|n, r). It is a right module for the action of the symmetric group Sr via
ei ∗ π = (−1)s(i,π)ei.π ,
where π ∈ Sr , i ∈ I(m|n, r), and s(i, π) equals the cardinality of the set of all (a, b) for which 1 ≤ a, b ≤ r , ia, ib > m, a < b
and π(a) > π(b).
2. Modules Dλ for Schur algebras
Before we proceed to the supercase, we review the description of simple modules for Schur algebras S = S(m, r)which
are obtained by setting n = 0 in the above definitions. A good reference for this part is [8] or [11].
If the characteristic of K is zero, then S is semisimple and simple S-modules correspond to all partitions λ = (λ1 ≥ · · · ≥
λm) (zero parts being allowed) of r intom parts. The diagram [λ] of a partition λ is a set of elements (i, j)where 1 ≤ j ≤ λi
for i ≤ k. A tableau T of shape λ is a map T : [λ] → {1, . . . , r}. The notions of a row and a column of a diagram or a tableau
are obvious. Fix a tableau T that is a bijection and call it basic. Denote by C(T ) and R(T ) respectively the subgroups of all
elements of Sr that preserve the columns of T and the rows of T respectively.
As in [12], we write maps on the left; hence a composition of the tableau T with i ∈ I(m, r) gives a tableau i ◦ T = Ti,
which is a map from [λ] into the set {1, . . . ,m}, of content cont(i).
Definition 2.1. A tableau Ti is called semistandard provided all its entries in the same row are weakly increasing from left
to right and all its entries in the same column are strongly increasing from top to bottom.
Definition 2.2. Let λ be a partition of r intom parts and let T be a basic tableau of shape λ. For a pair of elements i, j ∈ I(m, r)
define the bideterminant
(Ti : Tj) =
−
κ∈C(T )
sgn(κ)ci,j.κ .
Denote by ℓ a unique element of I(m, r) corresponding to the canonical tableau Tℓ which satisfies Tℓ(i, j) = i for each i, j.
Definition 2.3. For a partition λ of r intom parts, define Dλ to be the K -span of (Tℓ : Tj) for j ∈ I(m, r).
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The spaceDλ is a left S-module that does not depend on the choice of a basic tableau T . Moreover,Dλ has a basis consisting
of elements (Tℓ : Tj) for semistandard j ∈ I(m, r). If the characteristic of K is zero, then all modules Dλ are simple. If
the characteristic of K is positive, then this is no longer the case, but isoclasses of simple S-modules remain in bijective
correspondence with all partitions λ = (λ1 ≥ · · · ≥ λm) (zero parts being allowed) of r into m parts. Algebra S is quasi-
hereditary; as a left module over itself it has a Weyl (standard) filtration by modules Dλ that are isomorphic to costandard
modules ∇S(λ).
Denote by dj,a,b the number of entries in the a-row of Tj that are equal to b and define dj =
k∏
a=1
m∏
b=1
dj,a,b!. Then dj is the
cardinality of the set {ρ ∈ R(T )|Tj.ρ = Tj}
Denote by
Dλj =
1
dj
−
κ∈C(T )
−
ρ∈R(T )
sgn(κ)ej.ρκ
an element of E⊗r over the ground field Q.
We will require the following reformulation of the result that each bideterminant (Tℓ : Tj) is a unique Z-linear
combination of (Tℓ : Ti) for Ti semistandard.
Proposition 2.4. Every element Dλj for j ∈ I(m, r) is a unique Z-linear combination of elements Dλi for semistandard Ti.
Proof. By (4.7c) of [8], each bideterminant (Tℓ : Tj) is a unique Z-linear combination of (Tℓ : Ti) for Ti semistandard.
According to section 4.8 of [8], the S-module Dλ is isomorphic to what is called in [9] a Weyl module W λ. Under this
isomorphism (see section 4.5 of [8]), cℓ,j corresponds to the ℓ-tabloid {Tj} defined to be the equivalence class of Tj under
the action of R(T ). The bideterminant (Tℓ : Tj) corresponds to the sum ∑
κ∈C(T )
sgn(κ){Tj.κ}. Reading the entries along the
tableau T this corresponds to
∑
κ∈C(T )
sgn(κ)
∑
ρ∈R(T )
1
dj
ej.ρκ and the claim follows. 
Another possible proof involves using section 2.10 of [15] to show that morphisms θ Tj are Z-linear combinations of θ Ti
for semistandard Ti. Therefore the images of a generator κt{t} of the Specht module Sλ satisfy the same property.
3. Modules Dλ for Schur superalgebras in characteristic zero
From now on, let S = S(m|n, r). Throughout this section we assume that the ground field K has characteristic zero and
follow the exposition in [12].
Definition 3.1. A partition λ = (λ1, . . . , λk) of r is called an (m, n)-hook partition (see [1]) provided k < m or λm ≤ n.
For (i, j) ∈ I(m|n, r) and π ∈ Sr define
χi,j∗π = (−1)s(j,π)χi,j.π and χi∗π,j = (−1)s(i,π)χi.π,j. (2)
By Lemma (2.2.1b) of [12] the following identities are satisfied for each (i, j) ∈ I(m|n, r) and π, π1, π2 ∈ Sr :
χi,(j∗π1)∗π2 = χi,j∗(π1π2), χi∗π,j∗π = χi,j, and χi,j∗π = χi∗π−1,j. (3)
Definition 3.2. A tableau Ti is called (m, n)-semistandard (or just semistandard) provided the following conditions are
satisfied:
(i) Entries in each row of Ti are weakly increasing from left to right and entries in the same column of Ti are weakly
increasing from top to bottom.
(ii) Entries from the set {1, . . . ,m} in the same column of Ti are strongly increasing.
(iii) Entries from the set {m+ 1, . . . ,m+ n} in the same row of Ti are strongly increasing.
We will split the partition λ and the tableau T into two parts. Define eλ = (λ1, . . . , λm) and denote by eT the tableau
consisting of the firstm rows of T . The remaining entries ofλ (if any) form a partition oλ = (λm+1, . . . , λk) and the remaining
rows (if any) of T form a tableau denoted by oT . Denote (λ′1, . . . , λ
′
k′), the conjugate of the partition oλ, by oλ
′.
Definition 3.3. Let λ be a partition of r and let T be a basic tableau of shape λ. For a pair of elements i, j ∈ I(m|n, r) define
the bideterminant
(Ti : Tj) =
−
ρ∈R(oT )
−
κ∈C(T )
sgn(κ)χi,j∗κ∗ρ . (4)
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Denote by ℓ a unique element of I(m|n, r) corresponding to the canonical tableau Tℓ that satisfies Tℓ(i, j) = i for i ≤ m
and Tℓ(i, j) = m+ j for i > m. If k > m, then the tableau Tℓ is given by the following picture:
1 1 . . . . . . . . . . . . . . . 1
2 2 . . . . . . . . . . . 2
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . . .
Tℓ = m m . . . m . . . m
m+ 1 m+ 2 . . . m+ k′
. . . . . .
. . . . . .
. . . . . .
m+ 1 m+ 2 . . . m+ k′
. .
. .
. .
m+ 1 m+ 2
.
.
.
m+ 1
If k ≤ m, then we take just the first k rows of the above picture.
Definition 3.4. For an (m|n)-hook partition λ of r , define Dλ to be the K -span of (Tℓ : Tj) for j ∈ I(m|n, r).
The K -space Dλ does not depend on the choice of the basic tableau T and is a left S(m|n, r)-module since
ξ .(Tℓ : Tj) =
−
i∈I(m|n,r)
ξ(χi,j)(Tℓ : Ti)
for all ξ ∈ S(m|n, r). Theorem (2.4.1d) of [12] provides an explicit description of a K -basis of Dλ.
Proposition 3.5. Let K be a field of characteristic zero. For each (m|n)-hook partition λ, the S(m|n, r)-module Dλ has a K-basis
consisting of bideterminants (Tℓ : Tj) for semistandard Tj.
4. Modular reduction of Dλ for Schur superalgebras
Let us describe the process of the modular reduction for Schur superalgebras. Assume that K is a field of positive
characteristic different from 2. The algebra S(m|n, r)Q defined over the ground field Q has a basis consisting of elements
ξij for i, j,∈ I(m|n, r). Denote by S(m|n, r)Z the Z-module generated by these elements. Then S(m|n, r)Z is multiplicatively
closed, and S(m|n, r)K = S(m|n, r)Z ⊗Z K is the K -algebra with K -basis consisting of elements ξi,j ⊗ 1K .
By a Z-form of Dλ,Q we mean a nonzero Z-submodule Dλ,Z of Dλ,Q that is closed under the left action of S(m|n, r)Z. It
was observed by Muir that unlike in the classical case of Schur algebras, the Z-span of (Tℓ : Tj) for Tj semistandard is not a
Z-form of Dλ,Q. On p. 131 of [12], Muir formulates an open problem of finding a Z-form of the module Dλ,Q.
If Dλ,Z is a Z-form of Dλ,Q, then the module Dλ,K = Dλ,Z⊗ K over S(m|n, r)K is said to be obtained by modular reduction
fromDλ,Q. An important property of themodular reduction is that regardless of the choice of aZ-formDλ,Z, themultiplicities
of simple modules as composition factors of Dλ,K remain the same.
We are going to modify Muir’s definition of bideterminants. Denote by nj,a,b the number of entries in the a-column of Tj
that are equal to b and define
λ1∏
a=1
m+n∏
b=m+1
nj,a,b! by nj.
Definition 4.1. Letλ be a partition of r and T be a basic tableau of shapeλ. For j ∈ I(m|n, r) define themodified bideterminant
[Ti : Tj] = 1nj
−
ρ∈R(oT )
−
κ∈C(T )
sgn(κ)χi,j∗κ∗ρ . (5)
If κ ∈ C(T ) permutes only identical entries of Tj from the set {m + 1, . . . ,m + n}, then by (2) we have χℓ,j∗κ = χℓ,j
implying that all coefficients in [Tℓ : Tj] are integers.
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Before we turn to the proof of Theorem 1, we recall some concepts from [3,13]; for details consult these sources. Let
Dist(GL(m|n))be an algebra of distributions of the general linear supergroupGL(m|n). TheKostantZ-formofU(g)Z is defined
as a Z-subalgebra of U(g)C generated by elements
eqq
k

= eqq(eqq − 1) · · · (eqq − k+ 1)
k!
for all k > 0 together with elements e(t)pq = e
t
pq
t! , where p ≠ q for all t > 0 in the case when |q| + |p| is even, and epq, where
p ≠ q in the case when |q| + |p| is odd. Here epq ∈ Dist1(GL(m|n)) is such that epq(χij) = δpiδqj and epq(1) = 0.
The left superderivation Dpq and the right superderivation pqD of A(m|n) are defined by Dpq(ckl) = δqkcpl and (ckl)pqD =
δlpckq, respectively.
For i ∈ I(m|n, r) and integers 1 ≤ p ≠ q ≤ m + n, denote by i|
p
t→q an element of I(m|n, r) that is obtained from i by
replacing exactly t occurrences of p in i by q.
Lemma 4.2. For any i, j ∈ I(m|n, r) and any π ∈ Sr , the following formulae hold:
(χij∗π )pqD(t) =
−
j|
p
t→q
(−1)s(j|p t→q,j)χij|
p
t→q∗π
, and
D(t)pq (χij) =
−
i|
q
t→p
χi|
q
t→pj
.
Proof. The S(m|n, r)-module structure on E⊗r is induced by the coaction map E⊗r → E⊗r ⊗ A(m|n, r) that sends ej to∑
i∈I(m|n,r) ei ⊗ χij. The right superderivation pqD(t) is induced by the functional e(t)qp ∈ Distt(GL(m|n)) defined earlier.
The coaction map sends e(t)qp (ejπ) to
∑
i∈I(m|n,r) ei ⊗ χij∗π pqD(t). On the other hand, the element
e(t)qp (ejπ) = (e(t)qp (ej))π =
−
j|
p
t→q
(−1)s(j|p t→q,j)ej|
p
t→q
π
is taken to−
j|
p
t→q
(−1)s(j|p t→q,j)
−
i∈I(m|n,r)
ei ⊗ χij|
p
t→q∗π
=
−
i∈I(m|n,r)
ei ⊗
−
j|
p
t→q
(−1)s(j|p t→q,j)χij|
p
t→q∗π
.
Comparison of the right-hand-side tensormultipliers concludes the proof of the first formula. The second formula is verified
by straightforward calculations. 
Theorem 1. If λ is a (m|n)-hook partition of r, then the Z-span of modified bideterminants [Tℓ : Ti] is a Z-form of the simple
S(m|n, r)-module Dλ,Q under the action of S(m|n, r)Z.
Proof. All we have to do is check that any superderivation pqD(t) takes [Tℓ : Tj] to an integral linear combination of other
modified bideterminants [Tℓ : Ti]. By Lemma 4.2, the superderivation pqD(t) takes [Tℓ : Tj] to−
i|
p
t→q
(−1)s(j|p t→q,j)[Tℓ : Tj|
p
t→q
].
Assume that |pqD(t)| = 1. If |p| = 0, then |q| = 1 and t = 1. In this case [Tℓ : Tj]pqD is a sum of summands
±(nj|k,q + 1)[Tℓ : Tjk ] running over all k such that a kth column of Tj contains p. Here Tjk is obtained from Tj by replacing the
occurrence of p in kth column of Tj by q.
If |p| = 1, then |q| = 0 and t = 1. Using Property 1 of (2.4.1a) in [12], we derive that [Tℓ : Tj]pqD is a sum of expressions
±[Tℓ : Tjk ] running over all k such that Tkp ≠ ∅. Here Tjk is obtained from Tj by replacing the topmost entry p in the kth
column of Tj by q.
The case |p| = |q| = 0 is trivial.
Finally, assume that |p| = |q| = 1. In this case all s(j|
p
t→q, j) are equal to zero. By Property 1 of (2.4.1a) in [12] again, one
can assume that entries in each column of Tj that are equal to p appear consecutively. Applying Property 1 of (2.4.1a) in [12]
one more time, we obtain
[Tℓ : Tj]pqD(t) =
−
0≤l1≤nj,1,p,...,0≤lλ1≤nj,λ1,p
l1+···+lλ1=t
∏
1≤i≤λ1

nj,i,q + li
li

[Tℓ : Tj(l1,..., lλ1 )],
where any Tj(l1,..., lλ1 ) is obtained from Tj by replacing the li topmost occurrences of p in the ith column of Tj by q for
1 ≤ i ≤ λ1. 
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We will now prove the following result that strengthens Theorem 1.
Theorem 2. Every modified bideterminant [Tℓ : Tj] is a Z-linear combination of modified bideterminants [Tℓ : Ti] for Ti
semistandard.
Define an equivalence relation∼ on tableaux by Tj ∼ Ti if and only if Tj = Ti.σ for σ ∈ R(eT ) and denote the equivalence
class (‘‘even row tabloid’’) of Tj by {Tj}. Each equivalence class {Tj} contains a unique representative which satisfies the
condition that all of its entries in even rows are weakly increasing from left to right. We will identify each equivalence
class with this representative. To simplify the notation, we will write Tj∗π in place of (−1)s(j,π)Tj.π and {Tj∗π } in place of
(−1)s(j,π){Tj.π } for π ∈ Sr .
Consider an expression
Nj = 1nj
−
ρ∈R(oT )
−
κ∈C(T )
sgn(κ){Tj∗κ∗ρ}
over the ground field Q.
Immediately from the definition (see also p. 123 of [12]) we observe the following.
Lemma 4.3. If κ ∈ C(T ), then Nj∗κ = sgn(κ)Nj. If Tj has two identical entries from the set {1, . . . ,m} in the same column, then
Nj = 0. All coefficients of Nj are integers.
Proof. To prove the first two statements, proceed as on p. 123 of [12]. To see that all coefficients of Nj are integers, group
the entries by left cosets of a subgroup Gj of C(T ) that interchanges identical entries of Tj from the set {m, . . . ,m+ n}. Since
sgn(σ ){Tj∗σ } = {Tj} and the cardinality of Gj equals nj, we have ∑
σ∈G
sgn(σ ){Tj∗σ } = {Tj} and the claim follows. 
Moreover, the following analogue of Garnir relations holds true.
Lemma 4.4. Let X be a subset of column i of T , and Y be a subset of column i+ 1 of T , such that the cardinality of X ∪ Y is bigger
than that of the ith column of T . Let {σ1, . . . , σk} be a left transversal of SX × SY in SX∪Y . Then
k∑
t=1
nj.σt sgn(σt)Nj∗σt = 0.
Proof. Every element π of B = SX∪YC(T ) can be written as σtκ for some σt as above and κ ∈ C(T ). Therefore
k∑
t=1
nj.σt sgn(σt)Nj∗σt can be rewritten as
∑
ρ∈R(oT )
∑
π∈B
sgn(π){Tj∗π∗ρ}. Using a theorem of Peel (see [14] or (2.4.1a) of [12]), the
set B is a disjoint union of pairs {π, παπ } for some π ∈ B and transpositions απ ∈ R(T ).
Since απρ = ραπ for απ ∈ R(eT ) and {Tj∗π∗απ ∗ρ} = {Tj∗π∗ρ} for ρ ∈ R(oT ), it forces−
ρ∈R(oT )
sgn(π){Tj∗π∗ρ} +
−
ρ∈R(oT )
sgn(παπ ){Tj∗π∗απ ∗ρ} = 0.
If απ ∈ R(oT ), then−
ρ∈R(oT )
sgn(π){Tj∗π∗(απ ∗ρ)} =
−
ρ˜∈R(oT )
sgn(π){Tj∗π∗ρ˜},
where ρ˜ = απρ. Hence again−
ρ∈R(oT )
sgn(π){Tj∗π∗ρ} +
−
ρ∈R(oT )
sgn(παπ ){Tj∗π∗απ ∗ρ} = 0,
proving the claim. 
Proposition 4.5. Every Nj is a Q-linear combination of Ni for Ti semistandard.
Proof. Use Lemmas 4.3 and 4.4 and apply the Carter–Lusztig theorem (see p. 214 of [4] or (2.4.1b) of [12]) to a map
f (j) = njNj. 
To show that Nj is actually a Z-linear combination of Ni for semistandard Ti we need to consider a ‘‘super’’ version of
Clausen’s preorder≺.
For a = 1, . . . ,m denote by ca,b(i) the number of entries in the first a rows of the tableau Ti that are smaller than or equal
to b. Further, if k > m, then for a = 1, . . . , k′ denote by oca,b(i) the number of entries in the first b columns of the tableau
oTi that are smaller than or equal to b, and set cm+a,b(i) = cm,b(i)+o ca,b(i). Denote by c(i) the tuple
(ca,b(i)|a = 1, . . . , k orm+ k′ respectively, and b = 1, . . .m+ n)
and impose the lexicographic order on tuples c(i) by comparing entries with respect to a first, and then b, second.
Definition 4.6. Write c(j1) ≺ c(j2) if and only if ca,b(j1) = ca,b(j2) for all a, b or there are indices A, B such that cA,B(j1) <
cA,B(j2), ca,b(j1) = ca,b(j2) for all a < A and all b, and cA,b(j1) = cA,b(j2) for all b < B.
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Lemma 4.7. The induced preorders ≺ on the sets of elements Tj and {Tj}, given as Tj1 ≺ Tj2 , {Tj1} ≺ {Tj2} if and only if
c(j1) ≺ c(j2), are well defined. The restriction of≺ to the set of semistandard elements Tj and {Tj} is a linear order.
Proof. The first claim is clear. Assume that Ti1 and Ti2 are semistandard, and Ti1 ≺ Ti2 and Ti2 ≺ Ti1 . Then ca,b(i1) = ca,b(i2)
for a = 1, . . .m or k, respectively, which forces eTi1 =e Ti2 . Furthermore, cm+a,b(i1) = cm+a,b(i2) implies oca,b(i1) =o ca,b(i2)
and forces oTi1 =o Ti2 . Therefore Ti1 = Ti2 . 
Lemma 4.8. Assume Ti and Ts are semistandard. If a coefficient of {Ts} in Ni is nonzero, then {Ts} ≺ {Ti}. Additionally, the
coefficient of {Ti} in Ni equals 1.
Proof. If {Ts} appears in the expression for Ni, then Ts = Ti.κ.ρ for some κ ∈ C(T ) and ρ ∈ R(oT ).
If transposition κ ∈ C(T ) interchanges two elements, then it brings the identical or smaller entry to the row of lower
index. Using induction on the number of column inversions in κ ∈ C(T ), we establish that if eTi.κ ≠e Ti, then Ti.κ ≺ Ti and,
subsequently, Ti.κ.ρ ≺ Ti for any ρ ∈ R(oT ). Therefore we can assume that eTs =e Ti.κ =e Ti.
If eTi.κ =e Ti, then we can write Ti.κ = Ti.eκ.oκ for some eκ ∈ C(T )/C(oT ) and oκ ∈ C(oT ), where Ti.eκ = Ti.
Moreover, Ts = Ti.κ.ρ and eTs =e Ti implies that oTs =o Ti.oκ.ρ for oκ ∈ C(oT ) and ρ ∈ R(oT ). Tableaux oTi and oTs are
column semistandard and row standard, that is entries in the same column are weakly increasing and entries in the same
row are strongly increasing. Using a result of Clausen (see [5], p. 493 or [11] p. 55) we have oca,b(os) ≤o ca,b(oi) for all a, b,
where os and oi are restrictions of s and i corresponding to oT . Since eTs =e Ti, we conclude that Ts ≺ Ti.
If κ ∈ C(Ti) is such that Ti.κ ≠ Ti, then there is a row a such that the sum of the entries in the ath row of Ti is smaller
than sum in the entries of the ath row in Ti.κ . Since the sum of the entries in the ath row in Ti.κ.ρ is the same as in Ti.κ for
any ρ ∈ R(oT ), we conclude that Ti.κ.ρ = Ti if and only if ρ = 1 and Ti.κ = Ti. Since no column of semistandard Ti contains
identical elements from the set {1, . . . ,m}, there are exactly ni permutations κ ∈ C(Ti) for which Ti.κ = Ti. Moreover, these
κ permute only identical elements from the set {m+1, . . . ,m+n}which implies sgn(κ)Ti∗κ = Ti. Therefore the coefficient
of {Ti} in Ni equals 1. 
Proposition 4.9. The expressions Ni for semistandard Ti are linearly independent. Additionally, every Nj for j ∈ I(m|n, r) is a
Z-linear combination of Ni for semistandard Ti.
Proof. Assume V = ∑
Ti semistandard
biNi is a nontrivial linear combination ofNi that equals 0, and bI ≠ 0 is largest among indices
with respect to the order≺. Then the coefficient at {TI} inV equals bI ≠ 0by Lemma4.8, contradicting the assumptionV = 0.
Next, by Proposition 4.5 we know that each Nj = ∑
Ti semistandard
biNi, where coefficients are unique rational numbers. Let I
be maximal with respect to the order ≺ such that bI ≠ 0. Then by Lemma 4.8, bi equals the coefficient of {TI} in Nj, which
is an integer according to Lemma 4.3. Proceeding by induction on s, we can assume that all coefficients bi for Ts ≺ Ti are
integers. Then Lemma 4.3 implies that all coefficients of
∑
Ti≺Ts
biNi = Nj − ∑
TsTi
biNi are integers. By Lemma 4.8, the leading
term of this expression, the term at {Ts}, equals bs, and hence is an integer. 
Theorem 2 follows easily from the previous proposition.
Proof. A K -linear mapΦ sending Nj to [Tℓ : Tj] is well defined because {Tj1} = {Tj2} implies χℓ,j1 = χℓ,j2 .
Since Nj is a Z-linear combination of Ni for semistandard Ti by the previous proposition, its image [Tℓ : Tj] is a Z-linear
combination of [Tℓ : Ti] for semistandard Ti. 
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